Correlation functions of one-unit spectral flowed states in string theory on AdS 3 are considered. We present a formalism which allows to explicitly find the modified Knizhnik-Zamolodchikov and null vector equations to be satisfied by amplitudes of states in w = 1 sectors. We give a precise prescription to solve this system of linear differential equations in cases that are relevant to obtain three and four point functions involving spectral flowed string states. We specifically compute three point functions with two and three one-unit spectral flowed operators and also discuss four point functions.
Introduction
Correlation functions of operators creating string states in three dimensional antide Sitter space (AdS 3 ) are essential ingredients to establish the consistency of string theory in this geometry as well as to explore the AdS/CFT correspondence beyond the supergravity approximation. However the non-rational structure of the SL(2,R) CFT describing the worldsheet of strings propagating in AdS 3 presents some difficulties to the computation of these correlators, since very little is known about non-compact conformal field theories in general.
Nevertheless, amplitudes of some physical states were computed in reference [1] . The starting point in these calculations is the SL(2,C)/SU(2) WZW model which describes the worldsheet of strings propagating in the hyperbolic space H 3 . Two, three and four point functions of primary fields in this coset model were derived in references [2, 3] . The connection between these correlators and some amplitudes in the Lorentzian theory described by the SL(2,R) WZW model was performed in [1] using the equivalence between string theory on AdS 3 and the dual two dimensional CFT on the boundary. Actually, the interpretation of these amplitudes as correlation functions of the dual CFT is crucial to determine the correlators and to establish the structure of the factorization of four point functions. In this way the closure of the operator algebra on the Hilbert space of string theory on AdS 3 [4, 5] was verified in [1] for four point functions of primary fields related to primaries of the SL(2,C)/SU(2) coset model through analytic continuation.
However not all the states in the physical spectrum of string theory on AdS 3 can be obtained analytically continuing fields in H 3 . Actually, the spectral flow symmetry of the SL(2,R) WZW model establishes the occurrence of winding states created by spectral flowed operators [4] . An important auxiliary tool to construct these states is the spectral flow operator which allows to interpolate between objects in different winding sectors w. Two and certain three point functions containing spectral flowed fields were computed in [1] and used to verify both the factorization of four point functions of w = 0 fields into products of three point functions summed over intermediate physical states and the pattern of spectral flow number conservation of the correlators determined by the SL(2,R) current algebra.
Two alternative methods were proposed in [1] to evaluate N point functions containing states in winding sectors w = 0. Both procedures involve the insertion of one auxiliary spectral flow operator for each winding unit. This implies the calculation of expectation values of more than N vertex operators. The two approaches were applied to compute two point functions in arbitrary winding sectors and three point functions involving one w = 1 and two w = 0 states, but more general three and four point functions require the calculation of correlators with five or more operator insertions, with the consequent complications. These general amplitudes are needed to definitely settle the question about the unitarity of the theory. Indeed the structure of the factorization of four point functions should be consistent with the physical Hilbert space of string theory, but four point functions involving spectral flowed states have not been computed so far. In this paper we give one step forward towards this project by computing three point functions containing two and three w = 1 operators, and discussing the four point function containing spectral flowed states.
As is well known expectation values of fields in WZW models must obey the Knizhnik-Zamolodchikov (KZ) equations [6] , a system of linear differential equations which follow from the Sugawara construction of the energy-momentum tensor. An important additional property of WZW models for compact groups is the existence of null vectors in the Verma modules of the primary fields. These give additional differential equations which allow to determine the fusion rules and eventually solve the theory [7] . Unfortunately the unitary representations of SL(2,R) which give rise to the physical spectrum of string theory on AdS 3 do not contain singular vectors. Nevertheless the spectral flow operator has a null current algebra descendant which plays a relevant role in this non-rational theory. Indeed it gives one additional differential equation for each unit of spectral flow of the operators involved in the amplitudes. Moreover this null state allows to simplify the KZ equations in the coordinates labeling the position of the spectral flow operators [1] .
Despite all this information the differential equations to be obeyed by correlation functions containing spectral flowed operators are difficult to solve because, as we will see, they turn out to give iterative relations. Actually we shall show in the following sections that the KZ and null vector equations for amplitudes of states in winding sectors w = 0 relate two or more expectation values in which the spectral flowed fields at a given position have different spins and conformal dimensions. Nonetheless we shall develop a formalism which allows to manipulate and solve the system of iterative equations needed to obtain three point functions containing w = 0 and w = 1 string states, both preserving and violating winding number conservation. We shall use the prescription to explicitly compute these three point functions.
The organization of this paper is as follows. For completeness and in order to introduce our notations and conventions, in the next section we briefly review the spectrum of string theory on AdS 3 and discuss the construction of one-unit spectral flowed operators. In Section 3 we collect the amplitudes of physical states which have been computed in the literature so far, we discuss the Ward identities to be satisfied by correlation functions containing w = 1 fields and we deduce the modified KZ and null vector equations that they must obey. In Section 4 we solve this system of linear differential equations and explicitly compute three point functions including two and three w = 1 operators. In the first case, we also perform a consistency check by verifying that it reproduces the correct two point function of a w = 1 field when the third operator is the identity. Conclusions and discussions are offered in Section 5 where we also discuss the problems presented by the calculation of the four point function involving one spectral flowed operator. Some properties of five and six point functions containing three states with generic spin and two or three spectral flow operators are included in the Appendix.
Notation and conventions
In this section we gather known results about the spectrum and correlation functions of string theory on AdS 3 in order to set up our conventions. We follow the same notation as reference [1] and so the expert reader can proceed directly to the next section.
The Hilbert space of the WZW model is a sum of products of representations of the SL(2,R) current algebra given by
and the same forJ 3,± . The Sugawara construction of the energy-momentum tensor
determines the Virasoro generators
which obey the following commutation relations
The central charge is given by
The physical states of string theory on AdS 3 are in unitary representations of the universal cover of SL(2,R) [4] . These are generated from the continuous (C α j ) and the lowest (D + j ) and highest (D − j ) weight discrete representations of the zero modes acting with J 3,± −n , n > 0. In our conventions these are
and
The conformal weight of the primary fields is given by
and similarly for∆j. The current algebra descendants of the primary operators contribute an additional integer for each excitation level. In the string theory application one can consider the spacetime to be a product of AdS 3 times an internal manifold. In this case the conformal weight of the physical states may be supplemented with a contribution from the internal CFT, usually denoted h. Moreover the physical state conditions for string states, namely L 0 |Ψ >= |Ψ >, L n |Ψ >= 0, n > 0 and L 0 =L 0 determine j =j. The spectral flow automorphism
parametrized with w ∈ Z, generates new representations defined by J ± n±w |j, m, w = 0 , J 3 n |j, m, w = 0 , (n ≥ 1) ,
The conformal weight of the primary fields (2) transforms consequently as
and similarly for∆w j . Periodicity of the closed string under the worldsheet coordinate transformation σ → σ + 2π settles w =w. These spectral flowed states have to be added to the unflowed fields of the full representations generated from D ± j and C α j in order to describe the complete spectrum of the theory.
The primary states in the sector w = 0 can be represented by an operator Φ j (x,x; w,w) which satisfies the following OPE with the currents
where the differential operators
give a representation of the Lie algebra of SL (2) . Here x,x keep track of the SL(2) weights of the fields and they are interpreted as the coordinates of the boundary in the AdS/CFT context. One can also consider operators in the m basis, obtained through the following transformation from the x basis
where m −m is an integer. In the sector w = 1 the spectral flowed states are constructed by the fusion of Φ j with the spectral flow operator Φk 2 through the following operation [1] Φ w=1,j
denote the left and right spins of the w = 1 field. In the x basis, the winding number w turns out to be always positive, unlike in the m basis where the sign of w is correlated with the sign of m, thus distinguishing by convention incoming from outgoing spectral flowed states in the correlation functions. Alternatively Φ w=1,j J,J 
Both definitions (5) and (7) are equivalent and they are understood to hold inside correlation functions. The first one is local in z,z whereas the second one is local in
x,x. As pointed out in [1] , the limit ǫ → 0 in (5) − and similarly y → 0 in (7) − exists and it verifies several important checks. It has the right operator product expansions with the currents, namely
where
Furthermore the definition (5) reproduces the expressions derived in [1] for the two point function of spectral flowed states and the three point function which includes in addition two other operators in the sector w = 0. In the following sections we perform the explicit calculation of three point functions including two and three w = 1 operators. In particular, the first case will allow us to perform an additional test on the definition (5) since we shall verify that the corresponding three point function reduces to the correct expression for the two point function of w = 1 states when the third operator is the identity.
Vertex operators for string states in higher winding sectors can be easily obtained in the m basis where they are expressed in terms of parafermions and one free boson [4] (see [9] for the free field representation). However, as the winding number increases, they become more complicated in the x basis.
After this short review of string theory on AdS 3 we can now turn our attention to the specific subject of the computation of correlation functions.
Correlation functions including w = 1 fields
In this section we discuss general properties of correlation functions containing w = 1 spectral flowed operators in the x basis. More specifically, we will compute the Ward identities and the modified KZ and null vector equations to be satisfied by those amplitudes. We begin by giving an account of the already known results on the subject and the difficulties we expect to find in order to make further progress.
Previous results
Correlation functions of unflowed states were computed in [1] performing analytic continuation on the results for the Euclidean SL(2,C)/SU(2) WZW model obtained in [2, 3] . As discussed in [1] , correlators including spectral flowed states can be evaluated in the m basis starting from expectation values of states in the w = 0 sector and acting with the spectral flow operator to find expressions for w = 0. Alternatively one can perform the spectral flow operation directly in the x basis using the definition (5) .
The two point function of spectral flowed states was computed in [1] (see also [9] for a derivation in the m basis using the free field theory approach), and it is the following
where ∆ w j is given in (3) and
Recall that in the x basis the operators are labeled with positive w, so this two point function conserves winding number as expected. In general an N point function can violate winding number by N − 2 units [1, 8] . 3 The three point function including one operator in the w = 1 sector is given by
where J is given in (6) and ∆ w=1
Besides, B(j) is given in (10) and C(j 1 , j 2 , j 3 ) is the coefficient corresponding to the amplitude of three w = 0 fields, namely
This summarizes the already known explicit expressions for correlators including spectral flowed fields. Note that, whereas the two point function is known for fields in unlimited winding sectors, the situation gets more complicated in the case of the three point function, where only the case involving one w = 1 and two w = 0 operators has been computed so far.
The three point function (12) can be obtained, as shown in [1] , by first computing a four point function including one spectral flow operator. Such calculation is performed by explicitly solving the corresponding KZ and null vector equations. Then such four point function gives rise to (12) after spectral flowing as in the definition (5) . However, this procedure gets much more complicated when one wants to consider additional spectral flowed operators, even in three point functions. Actually in this case one has to start with amplitudes containing more operators, and this consequently increases the complexity of the problem. Take for instance three point functions including two or three w = 1 fields. Their explicit calculation would require, in principle, to start from five and six point functions including two and three spectral flow operators respectively. Our purpose here is to develop a formalism to handle the corresponding complications.
The strategy that we shall follow introduces an intermediate step in which we consider the four point functions containing one and two w = 1 fields along with one spectral flow operator. Then, we will manage to find and explicitly solve the corresponding modified KZ and null vector equations, which, as an additional complication, turn out to give iterative relations for amplitudes containing spectral flowed fields with different spins. This property is clearly inherited from (8) . As a last step, Eq.(5) will allow us to compute the aimed three point functions.
In order to follow this route, let us first analyze the general properties of correlation functions which include w = 1 fields, leaving the more explicit calculations to the following section.
Ward identities
We investigate here the form of the Ward identities when the definitions (5) or (7) are used for the w = 1 field. This can also be understood as an additional consistency check on such definition.
Let us start by considering N point functions of primary w = 0 fields,
It is well known that the global SL(2) symmetry of the WZW model determines the Ward identities to be satisfied by the correlation functions, namely
Now suppose we consider an N + 1 point function including one spectral flow operator Φk 2 at position (x 2 , z 2 ),
and take
In order to obtain the differential equations determined by the Ward identities one has to be careful that the derivatives act only once on each of the points where the fields are inserted. Therefore it is convenient to perform the following transformation
so that the derivatives with respect to x 2 act only on the field in the second position and not on the first one. The Ward identities transform accordingly, so for instance equation (16) reads
We want to derive the Ward identities for amplitudes containing w = 1 spectral flowed operators. Equation (5) suggests to apply the following operation on (21) lim ǫ,ǭ→0
Integrating by parts, it can be seen that the Ward identity (21) turns into
where from the definition (5) we identify
Notice that equation (23) is precisely of the same form as (16) with the identification (6) for the spin of the spectral flowed field. It can be shown that the same procedure gives an equivalent result for the two other Ward identities (15) and (17). Now we focus on global conformal invariance, which determines the following differential equations for the correlators
where the factors ∆ i are the conformal dimensions of the fields (see (2)). In order to derive the corresponding Ward identities for correlation functions containing one w = 1 state we repeat the steps discussed above with the change of variables (19) and the corresponding transformation for the derivatives
Then for instance Eq.(26) becomes
Applying to this equation the operation lim y,ȳ→0
which is suggested by Eq. (7), and performing an integration by parts, we can see that A w N satisfies the spectral flowed Ward identity
which is of the same form as (26) with the following identification for the conformal dimension of the w = 1 field
in agreement with (3). A similar expression can be found for∆ w=1 1 in terms ofJ . Again, all this goes through for the two other equations (25) and (27).
Therefore we conclude that the Ward identities to be satisfied by correlation functions including the operator Φ w=1,j J,J coincide with those of the unflowed case with the modifications (6) and (31) for the spin and conformal weight of the w = 1 field respectively. This analysis can be generalized to correlation functions including an arbitrary number of w = 1 states. From here the general form of the two and three point functions containing w = 1 fields is completely determined, whereas the four point functions depend, as usual, on the anharmonic ratios.
Modified KZ and null vector equations
Now we want to determine the form that the KZ and null vector equations take for correlators including w = 1 fields. In order to do this, let us consider again the N + 1point function (18). Consider e.g. any point z i with i ≥ 3. The correlator A N +1 satisfies the standard KZ equation of the form
In addition, since the spectral flow operator at (x 2 , z 2 ) has a null descendant, namely J − −1 |j = k/2; m = k/2 = 0, then A N +1 must also obey the following null vector equation
Our aim here is to perform similar manipulations to those in the previous subsection, in order to investigate the form of the equations to be satisfied by the N point function including one w = 1 field, namely A w N in (24). The general idea is that (24) can be obtained from (18) by performing the fusion of Φ j 1 (x 1 , z 1 ) with Φ k/2 (x 2 , z 2 ) through the prescription (5) . In that way, the equations to be satisfied by A N +1 , namely (32) and (33), are expected to turn into those to be obeyed by A w N . In order to do this, let us start by performing the change of variables (19) in the KZ equation (32) which can then be rewritten as
Now acting with the operator (22) and integrating by parts in y, we obtain the modified KZ equation for A w N , namely
where J is the spin of the w = 1 field, given by (6). The notation A w N (J + 1) indicates that we must replace J −→ J + 1 in A w N . Thus, Eq.(35), which is interpreted as the KZ equation for an N point function including one w = 1 field, differs from the standard KZ equation for correlators of unflowed fields. In fact, notice that (35) is an iterative relation in the spin of the spectral flowed field. As we will see, the property of being iterative in the spins of the spectral flowed fields will be common to all the equations to be satisfied by correlators including fields in w = 0 sectors. In fact, such a novel feature is not surprising, since it is inherited from the primary state condition (8) . We also point out that an equation analogous to (35) holds for the antiholomorphic part, where the iterative variable isJ (see (6)). Now, following a similar procedure with the null vector equation (33) we obtain an additional iterative equation, namely
which is understood as the modified null vector equation to be satisfied by correlators containing one w = 1 field. It supplements (35), so that both equations must be solved in order to find the explicit expression of A w N . As before, an equation analogous to (36) holds for the antiholomorphic part, withJ as the iterative variable. The procedure detailed here can be extended to the case of correlators including any number of w = 1 fields, where the spins of all the spectral flowed fields turn out to be iterative variables.
In the following section we will consider more specific calculations and explicitly compute correlators including w = 1 fields. This will involve the formulation and resolution of the system of equations determined by the modified KZ and null vector equations to be obeyed by such amplitudes.
Three point functions including w = 1 fields
In this section we consider the cases following in complexity that of Eq. (12) . Namely, we compute three point functions including two and three w = 1 states. We will follow the same general strategy as in the previous section i.e. we start from the expectation value of higher point functions containing a certain number of spectral flow operators and then fuse these auxiliary fields with other unflowed states in the correlator. This will allow us to obtain the aimed three point functions including spectral flowed fields. In general, we will first compute, at a previous stage, an appropriate four point function by explicitly solving the modified KZ and null vector equations. Thus, our calculations involve certain intermediate steps which we will specify in detail below for each particular case.
Two w = 1 fields
We want to compute the following three point function including two w = 1 fields
In this case, the starting point is the five point function including two spectral flow operators as follows
Due to the presence of the spectral flow operators inserted at (x 2 , z 2 ) and (x 4 , z 4 ), A 5 must obey the following null vector equations
at (x 2 , z 2 ), and
at (x 4 , z 4 ). Moreover the singular state condition allows to simplify the action of the Sugawara construction on Φk 2 as L −1 |j = k/2 = −J 3 −1 |j = k/2 . Therefore the insertion of the spectral flow operator at (x 2 , z 2 ) implies the following reduced form of the corresponding KZ equation
Now, by performing the fusion of Φ j 3 (x 3 , z 3 ) with Φk 2 (x 4 , z 4 ), through the prescription (5), we can convert (38) into the following expectation value (changing labels in the obvious way)
and the KZ and null vector equations transform accordingly. Proceeding analogously as in the previous section the following iterative system of equations is obtained for A w
which correspond, respectively, to Eqs.(39)−(41). Here the spin of the spectral flowed field is given by
and we defined x ij ≡ x i − x j , z ij ≡ z i − z j . Analogous expressions hold for the antiholomorphic part.
From the results of the previous section, we expect that A w 4 had the same functional form as an unflowed four point function, but with the spin of the w = 1 field given by (46), and with the corresponding conformal dimension of the form
Thus, we propose the following expression for A w
Here we are assuming that there is only one state in each intermediate channel, similarly as in the construction of [1] . We show in the Appendix how the spins of the intermediate states are fixed due to the presence of the spectral flow operators, thus avoiding the integral introduced in [3] . D 1 and D 2 are the coefficients of the four point function depending on the right and left spins of the string states J 3 andJ 3 . We must emphasize that in principle they are different functions of the spins. An illustrative example of the above statement, in the case of a three point function, is given by (12) . On the other hand, F andF are expected to have the same functional form, as they will obey the same modified KZ and null vector equations, up to the exchange of the holomorphic with the antiholomorphic parts. All the statements above will later be confirmed by our results.
The cross ratios z, x are given by
Now we make the following ansatz for the functions F ,F
where the factors of z, z − 1, x and x − 1 are suggested by the standard structure of singularities in conformal field theory and string theory, namely those appearing at the boundary of the moduli space when two or more vertex operator insertions collide on the worldsheet. The dependence on z − x was found in reference [1] where it was shown to be required by monodromy invariance of the four point amplitude when the holomorphic and antiholomorphic parts are combined. The singularity at z = x was interpreted there as due to instanton effects. In order to determine F we now plug (48) into (43)−(45). The iterative terms require to evaluate the coefficients α, β, µ, ν and ρ for J 3 + 1 or J 3 − 1. In order to lighten the notation, we establish the convention that α ± stands for α(J 3 ± 1) whereas α = α(J 3 ), and similarly for the remaining coefficients. Then, the KZ and null vector Eqs.(45), (43) and (44) read respectively
Analogous equations can be found for the antiholomorphic part involving the coefficient D 2 and the iterative variableJ 3 . Let us consider first (51) and (52). Equating the coefficients of the various powers of x and z we find
Similar expressions hold for the antiholomorphic part. Now, plugging (54) back into either (51) or (52), we obtain
Introducing (54) into (53) we also have
Taking the product of (56) times (55) we find the following conditions
as well as
Let us first look for solutions to (57) and plug them back into the original equations (55) and (56) in order to discard the spurious results. This leaves us with two possibilities, namely
Next we replace possibility i) into Eq.(58) and obtain
This has two solutions, namely
which inserted either in (55) or in (56) give, respectively,
Similar equations hold for D 2 withJ 3 as the iterative variable. Now we consider possibility ii) and plug it into (58). We get
which admits two possible values for j 4 , namely
giving rise to (65) when it is inserted into (55) and (56), and
corresponding to (64). Thus, our results may be summarized as follows. We conclude that there are four possible solutions to the KZ and null vector equations (43)−(45). The first two of them are given by
which must be supplemented either by Eqs.(62) and (64) or alternatively by Eqs.(63) and (65), thus accounting for two different solutions. The other two possibilities are of the form
to which one must add either Eqs.(65) and (67) or Eqs.(64) and (68) thus giving rise to the two remaining solutions.
In this way, we have been able to explicitly compute the function F in (48), as well as to obtain certain iterative equations in J 3 to be satisfied by the coefficient D 1 (and similar conditions for D 2 in terms ofJ 3 ). The explicit expressions for D 1 and D 2 will be found next, and this will completely specify the four point function (42).
Notice that we have already used all the information that can be obtained from the modified KZ and null vector equations for A w 4 . Therefore the strategy we will pursue in order to find D 1 and D 2 makes use of the fact that we expect the three point function (37) to be independent of the order we choose to flow the fields Φ j 1 and Φ j 3 in (38).
That is, we assume that the three point function (37) can equally be obtained through flowing either A w 4 in (42) or the following four point functioñ
In other words, we require that the expression for the three point function does not depend on the path followed to construct it. This is like a roundabout since in order to obtain the three point function (37) we need the four point function but in order to determine the four point function we need (37). Therefore we proceed to determine the three point function (37) in order to accomplish our purpose of finding D 1 and D 2 . Let us start by defining
so that the cross ratios become
We can use (54) in order to write F in terms of only two unknown coefficients, say µ and ρ. Thus the four point function A w 4 can be written as
From the definition (5), the three point function (37) is expected to be obtained performing the following the operation lim z 12 ,z 12 →0
Using that ρ =ρ (which can be easily seen from (59, 60)) we get
where γ(a) is given by (11) . We point out that, according to the previous section, (78) has the expected dependence on the coordinates and the spins and conformal dimensions of the spectral flowed fields for a three point function. Notice that so far we have been able to compute the part of the coefficient which depends on J 1 andJ 1 . However, we still need to specify D 1 D 2 .
As advanced, we do it following the alternative path which goes through (71) instead of (42). Repeating the steps performed on A w 4 leads to the same results after making the following exchanges j 1 ←→ j 3 , J 1 ←→ J 3 andJ 1 ←→J 3 . This implies that the final result must be invariant under these replacements. Now we are ready to perform the last step in our derivation, namely, the explicit calculation of the coefficients D 1 and D 2 . Let us first consider the solution (59, 62, 64). Note that the j, J dependent coefficient multiplying D 1 D 2 in (78) becomes in this case
Then, the only way in which D 1 and D 2 can simultaneously satisfy the condition (64) (and a similar expression for D 2 ) together with the requirement that their product with (79) be invariant under j 1 ←→ j 3 , J 1 ←→ J 3 andJ 1 ←→J 3 , is the following
Here the coefficient Ω must depend neither on J 1 nor on J 3 and it must be invariant under j 1 ←→ j 3 . In fact, the source of this part of the coefficient is the original five point function (38). Thus, it can be computed by considering the corresponding factorization. This calculation is performed in the Appendix and it gives (changing labels in the obvious way)
up to a k dependent coefficient. This confirms our assumption (48) that, due to the presence of the spectral flow operators Φk
In this way, the solution (59), (62) and (64) contributes the following term to the global coefficient of the three point function
where c 1 (k) is some k dependent (j independent) coefficient.
Let us now consider the solution (59), (63) and (65). Note that (79) still holds in this case. But, in addition, in order for Eq.(63) to be invariant under j 1 ←→ j 3 , it is necessary that
Moreover, from (65) (and a similar expression for D 2 ) in this case the product D 1 D 2 does depend neither on J 3 nor onJ 3 , so we get
and using the formulae in the Appendix, we find
up to some k dependent coefficient. Besides, in order for (79) to be invariant under j 1 ←→ j 3 , J 1 ←→ J 3 andJ 1 ←→J 3 , we must also have (using (83))
In this way, the contribution of this solution to the global coefficient of the three point function is of the form
which includes a k dependent coefficient c 2 (k). Now we focus on the solution (60), (65) and (67). In this case,
.
In addition (65) (and a similar expression for D 2 ) implies that D 1 D 2 does not depend on J 3 so that the product is as in (84) again. Using (81) we can write
up to some k dependent coefficient. Note that (67) is already invariant under j 1 ←→ j 3 .
On the other hand, in order for (88) to be invariant under J 1 ←→ J 3 andJ 1 ←→J 3 we require (86) once more. In this way, the contribution of this solution (60, 65, 67) to the global coefficient of the three point function is of the form
where, as in the previous cases, c 3 (k) is a k dependent coefficient.
Finally, let us focus on the solution (60), (64) and (68). Note that (88) still holds. On the other hand (64) (and a similar expression for D 2 ) indicates that D 1 D 2 is as in (80). Now, in order for Eq.(68) to be invariant under j 1 ←→ j 3 we must have
Plugging this into (80) and (81) and using results (112) and (115) in the Appendix, we may write
up to a k dependent coefficient. Now, in order for the product of (92) times (88) be invariant under J 1 ←→ J 3 andJ 1 ←→J 3 we must require the condition (86) again. Plugging it and (91) into (88) we get a factor πΓ(0), which diverges. In order to interpret this term, note from (91) that this particular case corresponds to the situation where the unflowed operator is the identity, thus we expect that the three point function reduces to the two point function of a w = 1 field. Then, in principle, it should reproduce (9) (in the particular case w = 1). And indeed it does, up to the factor Γ(0), which can be explained as follows. In general, a divergence arises when computing correlators which include spectral flowed fields. This was identified in reference [1] with the volume of the conformal group of S 2 with two fixed points, namely V conf = d 2 z/|z| 2 . However, the definition (5) already contains a rescaling Φ −→ Φ = V confΦ , which means that, in general we do not expect to find such divergences when performing calculations in the x basis. Nevertheless, in this particular case there is a factor V 2 conf whose product with V −1 conf in the expression (5.13) of Ref. [1] , computed in the m basis, explains the factor V conf ∼ Γ(0) which we have found here.
In this way, we conclude that the contribution of the solution (60, 64, 68) to the global coefficient of the three point function is of the form
where we have absorbed the factor V conf in the k dependent coefficient c 4 (k). As expected, this result correctly reproduces the two point function of a w = 1 field. This can be considered as a check on our calculations. Collecting all this together, we are ready to write the final result for the three point function (37). Changing labels in the obvious way, we get
In addition, the explicit expression for the four point function (42) is given by
where the d i (k)'s are k dependent coefficients.
Three w = 1 fields
In this subsection we employ the formalism introduced in the previous calculations in order to go one step forward and compute the three point function including three w = 1 fields, namely
The starting point is the following six point function
containing three spectral flow operators Φk 2 which, after fusing with the remaining fields, are expected to give rise to the spectral flowed operators. As in the previous subsection, we will perform an intermediate step in which we will spectral flow only two operators in order to obtain the modified KZ and null vector equations to be satisfied by the following four point function
By performing calculations analogous to those in the previous sections, we find that the above four point function obeys the following modified KZ equation which arises from the spectral flow operator inserted at (x 5 , z 5 ) in (97)
where thed i (k)'s are k dependent coefficients. In this way, we have been able to explicitly compute three point functions including two and three w = 1 fields, as well as certain auxiliary four point functions containing one spectral flow operator along with the w = 1 fields.
Discussion and conclusions
In this paper we have obtained the modified KZ and null vector equations to be satisfied by correlation functions containing w = 1 spectral flowed fields. 4 We have shown that these are iterative equations relating amplitudes generically involving spectral flowed fields with spins J, J + 1 and J − 1. We managed to manipulate these expressions and compute three point functions containing two and three w = 1 fields, as well as certain auxiliary four point functions including a spectral flow operator along with the w = 1 fields.
We performed various checks on our results. We discussed the Ward identities prescribing the general form of correlation functions containing spectral flowed fields and then verified that the three point functions which we computed indeed have the form dictated by conformal and global SL(2) invariance. In particular, we also verified that the three point function including two w = 1 operators reproduces the corresponding two point function of w = 1 spectral flowed fields when the third operator is the identity.
Our results represent one step forward towards establishing the consistency of string theory on AdS 3 . This would require the computation of four point functions involving spectral flowed fields and the analysis of their factorization properties. This is a difficult work which would demand, along the lines we have presented here, the resolution of the KZ and null vector equations for five and higher point functions containing more than three fields of generic spins. Alternatively one could try the hard task of assembling three point functions together in a sort of a bootstrap formalism, but a previous requisite for this programme would be the knowledge of three point functions containing string states in higher winding sectors.
In any case, we would like to make here a few comments regarding the four point function including one w = 1 field, which could be useful in order to attempt the corresponding analysis of the factorization properties in a future work.
Consider a four point function in the unflowed case. It can be expressed as a sum of products of conformal blocks F j of the form [1] [3]
The corresponding KZ equation can be solved for f 0 giving f 0 = F (j−j 1 +j 2 , j+j 3 −j 4 , 2j; x)+λx 1−2j F (1−j−j 1 +j 2 , 1−j+j 3 −j 4 , 2−2j; x) , (106)
where F (a, b, c; x) is the hypergeometric function and λ is a j dependent coefficient determined by monodromy invariance. We would like to investigate how this result changes when there is a w = 1 field inserted in the correlator, say at x 3 , with spin given by J 3 = m 3 + k/2. Now, it can be shown that, to the lowest order in z, the iterative term in the KZ equation (35) (with the obvious change in labels) does not contribute. Since, up to the replacement j 3 −→ J 3 , the remaining of (35) has the same form as the usual KZ equation, then we expect that, in this case, one could replace (106) with an analogous solution in terms of J 3 , namely
(107) In fact, it can be shown that, to the lowest order in z, the above expression is also a solution of the modified null vector equation (36). We hope that these few observations could be useful when attempting to perform the analysis of the factorization properties of the four point function including a w = 1 field, along the lines of section 4 of [1] .
We also expect that our formalism can be extended to handle correlation functions including spectral flowed fields with higher winding number. This would require first of all a proper definition of such fields in the x basis. We leave this for a future work.
Finally let us observe that, according to the well known relation between correlation functions in the SL(2,R) WZW model and Liouville theory [7, 12] , our results can also be used to obtain amplitudes in this later theory. 5 6 Appendix. Correlators containing Φk 2 In this appendix we obtain the j i dependent coefficients for the five and six point functions respectively containing two and three spectral flow operators Φk 2 as well as three operators of generic spins j 1 , j 2 , j 3 , in the limit where each Φk (111) The following properties of the B and C coefficients of the two and three point functions will be useful, namely [ 
C(j 1 , j 2 , 0) = B(j 1 )δ(j 1 − j 2 ) ,
where ∼ indicates that the identity holds up to a k dependent (j independent) factor. We start from the following formal expression for the OPE (see [3] for a detailed definition of the OPE in the SL(2,C)/SU(2) WZW model)
where from now on we drop the x i , z i dependent factors. The coefficient Q can be determined multiplying both sides of Eq.(116) by Φ j 3 , namely
and taking the expectation values as
The two point function Φ j Φ j 3 in the right hand side gives two possible contributions which are proportional to δ(j − j 3 ) and δ(j + j 3 − 1) (see Eq. (9)). As discussed in reference [11] they both give the same result for Q, namely Q(j 1 , j 2 , j 3 ) = C(j 1 , j 2 , j 3 ) B(j 3 ) .
(119)
